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ABSTRACT

Stochastic impulsive differential equations with Markovian switching have been applied
extensively in various areas including ecology systems, neural networks, and control systems,
and stability analysis is one fundamental premise of their applications. For two categories of
Markovian switched impulsive stochastic differential functional equations with unbounded
delays, this paper investigates the pth moment exponential stability by adopting stochastic
Lyapunov stability theory and stochastic analysis approach. Several criteria on pth moment
exponential stability have been acquired. In the proposed model, the time-varying coefficients
and the hybrid impulsive effects are considered simultaneously. It can be seen that the criteria
derived in this paper are more concise and the conditions are easier to verify compared with
those existing results based on Razumikhin theory. Finally, two examples are illustrated to show
the effectiveness of the theoretical findings.

Keywords: unbounded delay, impulsive effects, stochastic differential equations, Markovian
switching; exponential stability.

1. Introduction

Stochastic differential equations with Markovian switching generated by a Markov chain are a
special class of hybrid systems in which each subsystem switches randomly. In practice, abrupt
changes will occur in their structure and parameters of many physical systems such as biological
systems, aircraft systems, energy systems, and neural network systems, and stochastic differential
equations with Markovian switching can model these systems commendably (Mao & Yuan, 2006; Yin &
Zhu, 2010). On the other hand, impulses depict the phenomenon related to the variations of the system
states at some discrete instantaneous moments. Besides, impulsive control can also be perceived as an
important discontinuous control approach of nonlinear dynamical systems. Time delays are ubiquitous
in the real world and can greatly affect the dynamic behaviour of the system, leading to instability or
oscillations. At present, impulsive stochastic differential equations with time delays have aroused a
great deal of interest from scholars and fruitful results have been obtained. By utilizing the Razumikhin
method, pth moment stability of impulsive stochastic differential equations with bounded time delays
is investigated in the literature (Wu et al., 2013; Hu et al., 2019), and the theory is further extended to
autonomous impulsive stochastic systems with Markov switching (Gao et al., 2018). Based on the
stochastic Lyapunov stability theory, the moment stability of a class of stochastic systems with
bounded time delays and hybrid impulses has been investigated in the literature (Tran & Yin, 2023).
Obviously, the Lyapunov stability method is more straightforward and effective compared with the
Razumikhin technique. Meanwhile, systems with unbounded time delays have also been received wide
attention, which includes infinite distributed time delays and unbounded time-varying time delays.
For autonomous stochastic systems with infinite distributed time delays, the literature (Wu & Hu, 2011,
Pavlovic & Jankovic, 2012; Mei et al., 2021) studied the attraction set, moment stability with general
decay rate and discrete feedback stabilization problem. Soon afterwards, the theory is generalized the
stability analysis to functional systems with infinite distributed delays and time-varying coefficients
(Li & Xu, 2021). For unbounded time-varying delay systems with impulsive effects, the moment



18 IRA International Journal of Applied Sciences 19(1)
stability has been analyzed in the literature (Xu & Zhu, 2021, 2022) in virtue of average dwell time
method and Razumikhin technique.

It can be observed that the existing results mainly concentrate on the analysis of stochastic
systems with time-varying delays and stability or instability impulses, but the cases where time-
varying coefficients, unbounded delays and hybrid impulses are incorporated into the systems have
not yet been considered. Additionally, the used method is the Razumikhin method, by which the
Lyapunov function is easily constructed while the conditions are complicated to verify. Based on the
aforementioned discussion, this paper introduces the decay function with impulsive effects, and
investigates the stochastic hybrid impulsive differential equations with Markovian switching and
unbounded time delays in virtue of Lyapunov stability theory and stochastic analysis technique. We
also obtain several criteria on pth moment exponential stability of non-autonomous stochastic
differential equations with hybrid impulses and two types of unbounded time delays, including
infinitely distributed time delays and unbounded time-varying time delays. The method is more direct
and effective, and the results can be seen as the extensions to the literature (Tran & Yin, 2023; Mei et
al., 2021; Li & Xu, 2021; Xu & Zhu, 2021, 2022).

2. Preliminaries

Firstly, we will introduce the following notations. R denotes the set of real number, R, denotes
the set of non-negative real numbers, R" is an n-dimensional Euclidean space.
w(t) = (w,(t), w,(t),---,w, (t)) represents the m—dimensional Brownian motion defined in the
probability space (Q,F,{F.}.,,P). o(t),t >0 is a right-continuous Markov chain defined on the
probability space taking the value S ={1,2,...,M} with the following transition probability.

o [sAvo(a)i% ],
Plott+A)=] |5(t)=l}={l+§.A+o(A) i |

where 6 >0,i # jand Zé‘ij =0. PC"((~0,0];R") represents the set of piecewise bounded

j=L

continuous functions ¢:(—oo,0]—> R"with norm || @ [|=sup|@(s)|. PC,EO ((~20,0];R"™)
0

s<l

indicates F, measurable function set PC ((—o0,0];R") satisfyingsup E | #(s) |° .

s<0

Consider the following impulsive stochastic functional differential equations with Markovian
switching

{dx(t) = f(x,t, 5(0)dt+ f(x,t, SE))dw(t),t =1,

x(t) =1, (x(t)).t =t,, 1)
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where x, = x,(0) = {x(t+6),6 € (— =,0]} and f :PCb((—oo,O]; R")x RxS —>R",
g:PC’ ((— o} R" )x RxS — R™™ are two Borel measurable functions. £(0)=¢ e PCE0 ((—oo,O]; R")

denotes the initial value.

In order to derive the main results, we make the following necessary assumptions.

(H1) (Local Lipschitz condition) For Vh > 0, there exists a constant K, >0 such that
£ (4. t0)- F(g,t.1) v]a(d,t.1)-g(d 1. 1) < K[ —
where ¢, ¢, PC ((—00,0], R" ), ||v||¢2||S hand (t,i)e R, xS.
(Linear growth condition) For ¢ € PC" ((— oo,O]; R" ), there exists one positive constant K, such that

F,ti)+9(s,t,1) < KoL+]g])

(H2) Suppose that there exist two positive constants C,,C, and a sequence of positive constants
{,uk }keN such that

X’ <V (x,i)<c,|X", V(1 (x) 1)< 4V (x,0).

(H3) There exists some probability measures Q; (S), j=12,---,q defined on (—oo,O] and a series of
continuous bounded functions S, (t), f;(t), j=12,---,q such that

LV (g,1) < Byt (4( Zﬁ )| V(#(6).i)er, (6)

where (¢, i)e PC ((—oo,O],R )xR xS,

In addition, we introduce the following function:

o000~ 25+ 3
Remark 1. Under the standard hypothesis (H1), there exists a unique solution to the unbounded time-
delay system dx(t)= f(x,t,5(t))+g(x,t,5(t))dw(t) and the solution keeps pth moment
boundedness in the time interval [t,,1,) . Combining with the definition of impulse, it is derived that
the system (1) also has a unique solution and it keeps pth moment boundedness in the time interval
[t,,t,). By repeating the inducing, it follows that the system (1) has a unique solution and it maintains
pth moment boundedness in any time interval [t,,t,.,). On the other hand, the introduced function
@(A(t),t) canbe viewed as an extension of the function ¢(C,t) in the literature [6], and it is applicable
to the stability analysis of non-autonomous systems.
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3. Main Results

In this section, by stochastic Lyapunov approach, some inequality techniques and stochastic
analysis theory, we will discuss the pth moment stability of non-autonomous stochastic systems with
unbounded delays and hybrid impulse.

Theorem 1. Let Assumptions (H1), (H2) and (H3) hold. if there exist a continuous bounded
function 7,(t) and two constants p, <0, &, >0 such that

w(0)=—] nudu- 3 Ing, <p0+0,t20-0<0<0,

t+O<t, <t

d 0
Aot =33, ) ey (0)< ()10

1 j=1

where 7,(t) satisfies 7,(t)=0,t <0, then we have that
E[x(t)" < KE[¢] e,
where K =K ’E”é’ || Pand K’ denotes one sufficient large positive constant. In particular, if there exist

constants p, >0, o, = 0such that

(0(771(t)7t) = Iot 771(5)15 + z Ing, <—pt+0,

ty<t

then the system (1) is exponentially stable in pth moment.

Proof According to Assumptions (H1) and (H2), together with Remark 1, we can easily obtain that the
unique global solution of the equation exists and satisfies E|X(tx P <400, teR. Moreover, by

definition of go(.,.), we infer that i[r(lJf )e‘”('h(t)’t) > 0. Accordingly, there is always a sufficiently large
te|0y

positive constant K’ such that EV(X(’[), 5(t))< Ke?m(®), t [O,tl), where K'>0and K =K' E||§ ||p .
Subsequently, we will claim that
EV(x(t),5(t))< Ke?™®V | te(ot,) )

In the case of N =1, it is obvious that equation (2) holds. Assume that equation (2) is satisfied for
n=2,23,---,k. Moreover, we prove that it holds for n=Kk+1. For simplicity, define the function

®(t)=Re¢(”1(t)‘t). Noting that EV(x(t),5(t))<®(t)te[0,t,), we only need to prove that

BV (x(t) 5(t) < @(t), t et ).
When t =t, , we calculate that

- - .[;krh(s)dw Zlnyk
V(1,00 < V(i o ) < s el < e
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- jzk m(s)ds+ Zln,uk
<Ke w =t )

which means EV (x(t, ),5(t, )) < ®(t, )

If assertion (2) does not hold for N =Kk +1, then there exists t* e (t,,t,,,) such that

EV (x(t).5(t) < @fth te[0.4) 4pq EVIX(E) ol )=oft') 3)

Choose a sufficiently large positive number A such that At + Jz nl(s)ds #0,t >0. According to

the 1t6 formula, we have

e BV (x(t") st*))=e™EV/(x +Ej (s),8(s))+ LV (x(s), 5(s))]ds

< o2 Ra?m(t)n) +j { (A + B,(s))EV(x(s), 8(s))+ iﬂj (s)j_om EV(x(s+0),6(s))de, (0)}ds
<e™EV(x(t, ) (t,))

+J' {/Hﬁo V(x(s), 5(5))+Zq:ﬂj (s)z—jjow EV(x(s+0), 5(s+0))daj(0)}ds,

j-1

By condition (3), we have

EV(x(s), 5(s)) < d(s) = Ke?™ s e[t t"),

EV (X(S + 9), 5(5 + (9)) < (I)(s) = Kew(m(5+9),s+e)

< Rew(ﬂl(s)xs)e@(’h(5+9)vs+9)_(/7(771(s)x5)

-[ mls)as- Z'”ﬂm
< Keq](’h(s) S)e s+O<tm<
< Ke(p(rh(S),S)ep16’+61’ Se [tk ,t*), 0 S (—(D,O) (4>

Substituting inequality (4) into the previous inequality, we have that
. q
e/lt EV (X(t*), 5( ))< Ke/ﬁkﬂﬂ (m(t)t) + K eﬁ,SJr(ﬂ(Th ﬂ/+ﬂ0 +Zﬁj J. ep16’+0'1da d
=1

< Ke”k +o(m(t )t ) n KI e/lsw m(s [,1 +771( )]dS

~ 2 e s+ [y (u)du
< Ke/ltkw(m(tk)tk) + Kem=« J.: e/l Lm( . [A+771(S)]d3
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I 2 R
< Ke/uk'*'g”(ﬂl(tk)tk) + Ketm <tk eﬂt +J-Or]1(U)dU _eltk+-[ 771( )d

< }Zeﬂk +o(m (t ) + }Zefﬂ(’h(t*)vt*)"'ﬂ* _ Keitk +o(m (t )t )
< Rerbehs

which leads to a contradiction EV (X(t*), ) (t*))< Rew(”l(t*)'t*) = <I)(t*). Hence, it holds for n=k +1, i.e.
EV(x(t),5(t))< Ke?™®V t>0.

In particular, when ¢(7,(t),t)< —p,t + o, , then lim

t—+o0

< —p,, which implies that system

)’
t
(1) is exponentially stable in pth moment.

Just now, we have tackled the pth exponential stability with the infinite distribution delay.
Moreover, we will consider the case of unbounded time-varying delays. Let X, be composed of

X(t—rj(t)), j=12,---,q, where 7 j(t) stands for unbounded functions. Meanwhile, the following

assumption is provided.

(H4) Let there exist a series of continuous bounded functions 7, (t), 7,(t),---, 74 (t), such that

LV (1)< OV 90D+ X7, OV o, 1))

=

where (4,i)e PC((—oo,O], R" )x S.

Theorem 2. Let Assumptions (H1), (H2) and (H4) hold. If there exist constants P eR,,

o€ R,» ]=12,...,q and one continuous bounded function 77, (t) such that

t — —
B t_fj(t)UZ(S)js_ Zlnﬂm S,sz'j(t)"'aj :‘//j(t)1

t—z; (t)<t, <t

+_Z7/1 t)evjj <772( )

C =
then we have E|x t)|p < KE”é’ || e?20Y pyurthermore, if there exist constants P >0, 0,20 such

that (0(772 (t ), t) < —pot + 0, , then the system is exponentially stable in pth moment.

Proof Noting that
EV(x(s—¢ J. s))s(s—7 j (s)))< B(s) = Ke? =Dy

< K’e(p(rzz (S),S)e!ﬂ(nz (=7 (8)),5=7 ()= (112 (5).5)
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—Lt,,j (s)Hs= S Inuy,

trj (t)Rtmst

S lze(/’(ﬂz (S)vs)e

< Ke?m(9)9)g¥i(®)
Similar to the proof of Theorem 1, we can derive the assertion.

Remark 2. Recently, pth moment exponential stability of stochastic impulsive differential systems
with bounded time delays and Markov switching has been investigated in the literature (Tran & Yin,
2023), and the theory is extended to non-autonomous impulsive systems with unbounded time delays
in this paper. Besides, the moment stability of autonomous systems and non-autonomous systems has
been investigated in the literature (Wu & Hu, 2011; Pavlovic & Jankovic, 2012; Mei et al., 2021; Li & Xu,
2021). Nevertheless, the moment stability of non-autonomous stochastic differential equations with
unbounded delays and hybrid impulse has not been taken into account. In this paper, the decay
function with impulse is introduced. Moreover, by stochastic analysis theory, some criteria on pth
moment stability of stochastic systems with unbounded delays and hybrid impulse are given. Different
from the Razumikhin method proposed in references (Xu & Zhu, 2021, 2022), stochastic Lyapunov
stability theory can be employed directly. The conditions are easier to verify and the effects of hybrid
impulse are incorporated.

4. Numerical example
In this section, we will give two specific numerical examples that demonstrate the validity of the

results of the aforementioned analysis.

Example 1. Consider the following stochastic differential equation
{dx(t) = (x(t), jom X(t+0)de, (0) 1, 5(t))dt + g(x(t), jow X(t+0)da, (O)1,5())dw(t)t =t,,
X(t,)= e x(t; bt =t,.
where «,(0) =€’ . Wetake S ={1,2}, T'= (_1(.)2'8 _0]'“82
f(x,z,t1)=(-1.9-15]|sint|)x+0.8z, f(x,2z,t,2)=(-1.95-1.5|sint|)x+0.9z.
For the above random impulse system, let V (x,1) = 0.8x? V (X,2) = x*, then we have
LV (x,1) = (-3.04 - 2.4|sint|)x* +1.28xz +0.64(x +0.62)* + 0.16x*

<—(1.2+3|sint[)x(0.8x*) +1.376 x(0.82%),

], Z:I_O X(t+0)de, (0) and set

LV (x,2) = (-3.9-3]sin 8)x* +1.8xz + (x+0.52)* —0.23x* < —(1.24 + 3|sin t ) x* +1.42°.

By utilizing Holder's inequality, we have 22 =z =[[ x(t+0)dey(O)]' <[ % (t+6)de, (6).
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Hence, we get that LV (X,i)<—(1.2+3|sint|)V(x,t,i) +1.4J:0 V(X(t+0),t+6,i)de,(6). Take

B, ) =-1.2-3|sint|, A(t) =14, &, :%,tk —t,,=0.25k=12,7,(t)=3-3]sint|,

u,, =0.5. We calculate that
w(0)=—] mudu- 3 Ing, <—(4In2)0+1n2,

t+O<t, <t

B,(t)+ %2 AO e 7 dey(0)=-1.2-3(sint| +1.75[ 186" 249 <33 sint|= 1, (t).
1

Since J.;(3—3|Sint|)dt+z,um3(3—2—4|n2)t+|n2+;z£—1.67t+|n2+72', by Theorem 1, it
7

t <t

follows that the above system is exponentially stable in pth moment.
Example 2. Consider unbounded time delay systems with hybrid impulse.

dx(t)= f (x(t), x(%t),t, S(t))dt + g(x(t), x(%t),t, S(t))dw(t), t #t,,
X(t,)=ex(t;) t=to
where f (x,2,t1) =(-1.9-0.5]|sint|)x+1.5z, f(x,z,t,2)=(-2-0.5|sint|)x+1.8z.
J,z = x(lt)e
2

Wtk S:1,2’F:
e take {12} [3 3

For the above random impulse system, let V (x,1) =V (x,2) = X%, then we have
LV (x,1) < (=2—|sint [)x* +1.52°% LV (x,2) < (-1.84—|sin 8 |)x* +1.82°.

40

,W(t):l(g— In§)t+7z—2+ In2.
2 2

which implies that LV (x,i) < (=1.8—|sin t )V (x(t),i) +1.8e ™"V (x(0.5t),i).

Let 7,(t) =—1.8—|sint|, ,(t)=1.8e "V &, , = g,azk =3t ~t,, =05

By computing we have that

1
Hox :E’/JZk =3,k=12,,

' i 1.2 3
=g lsinubu= i, < (S~ InD)t+ -2+ In2 =y t)

0.5t <ty <t

It can be further verified that y, (t)+ C—Zyl (t)e¥® =-1.8—-|sint|+1.8<—|sint|=7,(t).
C

1
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t

Since j—|sint|dt+z,um < (—E+ Ing)t+ IN3+ 7 —2<-0.2314t + In3+ 7 — 2, by Theorem 1,
T

0 tp<t

it follows that the above system is exponentially stable in pth moment.

Remark 3. In Example 1, infinitely distributed time delay and stable impulses are considered. In
Example 2, unbounded proportional delays and hybrid impulses are considered, where hybrid
impulses contain both stable and unstable impulses and stable impulses are dominant. When the
original non-autonomous system are stable, impulsive effects can reduce the exponential decay rate
of the system.

5. Conclusion

The paper is concerned with pth moment exponential stability of two categories of unbounded
time-delay stochastic differential equations with hybrid impulse and time-varying coefficients. Firstly,
the decay function containing the hybrid impulse is introduced. Subsequently, pth moment
exponential stability of stochastic differential equations is investigated by stochastic Lyapunov
stability theory and stochastic analysis approach. Compared with the standard Razumikhin method,
this method is more direct and effective. In future, our theory can be extended to stochastic
differential systems with Levy noise and stochastic network systems.
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